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a b s t r a c t
We first generalize the results in Tan and Zhou (2005) [2] that a Lauricella function
FD (a, b1, . . . , bn; c; x1, . . . , xn) of n variables can be written as a finite sum of rational
functions and logarithm functions of one variable, for a, b1, . . . , bn, c positive integerswith
c ≥ a+ 1, and for distinct x1, . . . , xn, to all x1, . . . , xn not necessarily distinct. Then we use
the finite sum representation to prove that the values of FD (a, b1, . . . , bn; c; x1, . . . , xn),
for positive integers a, b1, . . . , bn, c with c > a, and real algebraic numbers x1, . . . , xn
with 0 < x1, . . . , xn < 1, are transcendental.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let n be a positive integer and a, b1, . . . , bn ∈ R. The fourth Lauricella function of n variables is defined by
FD (a, b1, . . . , bn; c; x1, . . . , xn) =
∞−
i1,...,in=0
(a)i1+···+in (b1)i1 · · · (bn)in
(c)i1+···+in i1! · · · in!
xi11 · · · xinn ,
where (α)n is the Pochhammer symbol defined by
(α)n =

α (α + 1) · · · (α + n− 1) , n ≥ 1
1 n = 0.
If n = 1, the Lauricella function reduces to the Gauss hypergeometric function
FD (x) = 2F1 (a, b; c; x) =
∞−
j=0
(a)j (b)j
(c)j j! x
j.
If n = 2, it reduces to the first Appell hypergeometric function
FD (x, y) = F1 (a, b1, b2; c; x, y) =
∞−
i,j=0
(a)i+j (b1)i (b2)j
(c)i+j j! x
iyj.
A finite sum representation of the first Appell hypergeometric function F1 (a, b1, b2; c; x, y) was obtained by Cuyt–
Driver–Tan in [1], by using the Picard integral representation
F1 (a, b1, b2; c; x, y) = Γ (c)
Γ (a)Γ (c − a)
∫ 1
0
ua−1 (1− u)c−a−1 (1− xu)−b1 (1− yu)−b2 du
for Re (a) > 0, Re (c − a) > 0.
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Onemay also obtain a finite sum representation of the fourth Lauricella function by using the generalized Picard integral
representation but the result would be very tedious and hardly applicable.
By using the divided difference method, a finite sum representation of the Lauricella function FD of n variables was
obtained by Tan–Zhou in [2], for the casewhen a, b1, . . . , bn, c are all positive integerswith c−a ≥ 1, and distinct x1, . . . , xn.
In the second section we will use Cauchy’s integral formula instead of the divided difference method, to extend the results
in [2] to all values of x1, . . . , xn (not necessarily distinct), and then, as a direct consequence, we obtain in the third section
the transcendence property of the values of the Lauricella function.
2. Finite sum representation
Definition 1. A multivariate function F

x
 = F (x1, . . . , xn) is said to be pseudo-multivariate if
F

x
 = ∞−
i1,i2,...,in=0
f (i1 + i2 + · · · + in) xi11 xi22 · · · xinn =
∞−
m=0
f (m) cm

x

, (1)
where f (m) is a function ofm, and
cm

x
 := −
i1+i2+···+in=m
i1,i2,...,in≥0
xi11 x
i2
2 · · · xinn .
If
lim
m→∞
 f (m)f (m+ 1)
 = R (f ) > 0,
then the pseudo-multivariate function F

x

is convergent in the polydisc centered at the origin with radius R (f ) .
Note that the pseudo-multivariate function in (1) has its one variable projection function
F (x) =
∞−
m=0
f (m) xm. (2)
Now if |z| < 1max1≤k≤n|xk| , then
∞−
m=0
cm

x

zm =
−
i1,...,in≥0
(x1z)i1 · · · (xnz)in =
n∏
k=1
(1− xkz)−1 ,
and we can use Cauchy’s formula to derive the following integral representation for cm

x

,
cm

x
 = 1
2π i

dz
zm+1
n∏
k=1
(1− xkz)
= 1
2π i

tm+n−1dt
n∏
k=1
(t − xk)
, m ≥ 0,
where the last integral is over the circle containing 0, x1, . . . , xn.
Then we have
F

x
 = ∞−
m=0
f (m) cm

x
 = 1
2π i
 tn−1 ∞∑
m=0
f (m) tm
n∏
k=1
(t − xk)
dt = 1
2π i

tn−1F (t)
n∏
k=1
(t − xk)
dt,
where F (t) is the one variable projection function defined by (2). This proves the following lemma (also see [3]):
Lemma 2. Let F

x

be a pseudo-multivariate function with radius of convergence R (f ) > 0. If x1, . . . , xn ∈ C with |xi| <
R (f ) , i = 1, . . . , n, and if x1, . . . , xr are the distinct variables among the x1, . . . , xn occurring with multiplicities s1, . . . , sr ,
respectively, then
F

x
 = ∞−
m=0
f (m) cm

x
 = r−
i=1
si−1−
j=0
Q (si−j−1)i (xi)
j! (si − j− 1)!F
(j) (xi) ,
where
Qi (x) := xn−1
∏
1≤j≤r,j≠i

x− xj
−sj . (3)
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Remark 3. This lemma gives the fact that any pseudo-multivariate function can be expressed as a linear combination of its
one variable projection functions and/or their derivatives with rational coefficients.
Now we consider the Lauricella function.
Theorem 4. For integer a ≥ 1, we have
FD
a, n  1, 1, . . . , 1; a+ 1; x1, x2, . . . , xn
 = r−
i=1
si−1−
j=0
Q (si−j−1)i (xi)
j! (si − j− 1)!F
(j) (xi) ,
where x1, . . . , xr are the distinct variables among the x1, . . . , xn occurring with multiplicities s1, . . . , sr , respectively, and
Qi (x) , i = 1, . . . , r, are the rational functions defined by (3) in Lemma 2, and
F (x) = ax−a

log (1− x)−
a−1
m=0
1
m
xm

.
Proof. For integer a ≥ 1, we have
FD
a, n  1, 1, . . . , 1; a+ 1; x1, x2, . . . , xn
 = −
i1+i2+···+in≥0
i1,i2,...,in≥0
(a)i1+i2+···+in
(a+ 1)i1+i2+···+in
xi11 x
i2
2 · · · xinn
=
∞−
m=0
a
a+mcm

x

,
which is a pseudo-multivariate function, and its one variable projection function is
F (x) =
∞−
m=0
a
a+mx
m
= ax−a
∞−
m=0
1
a+mx
a+m
= ax−a
 ∞−
m=0
1
m
xm −
a−1
m=0
1
m
xm

= ax−a

log (1− x)−
a−1
m=0
1
m
xm

.
Then the theorem is proved by using Lemma 2. 
Recall that if not all b1, b2, . . . , bn are equal to 1, then we have the following result.
Theorem 5 (Tan–Zhou [2]). For positive integers a, b1, . . . , bn, c,
FD (a, b1 + 1, b2 + 1, . . . , bn + 1; c; x1, x2, . . . , xn)
= ∂
b1+b2+···+bn
∂xb11 ∂x
b2
2 · · · ∂xbnn
FD
a, n  1, 1, . . . , 1; c; x1, x2, . . . , xn
 n∏
j=1
x
bj
j
bj!
 .
Also recall that if c > a+ 1, then we have the following result.
Theorem 6 (Tan–Zhou [2]). Let B (a, b) denote the beta function. Then for positive integers a, b1, . . . , bn, c with c > a+ 1,
FD (a, b1, b2, . . . , bn; c; x1, x2, . . . , xn) = 1B (a, c − a)
c−a−1
m=0

(−1)m
a+m

c − a− 1
m

×FD (a+m, b1, b2, . . . , bn; a+m+ 1; x1, x2, . . . , xn)

.
Now any given Lauricella function FD (a, b1, b2, . . . , bn; c; x1, x2, . . . , xn) with positive integers a, b1, . . . , bn, c and
c ≥ a+ 1 can be written as a finite sum by the following steps (also see [2]):
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(1) If c = a+ 1 and b1 = b2 = · · · = bn = 1, use Theorem 4.
(2) If c = a+ 1, but not all of b1, b2, . . . , bn equal one, use Theorem 5.
(3) If c > a+ 1, use Theorem 6 to convert it into a sum of several FD with c = a+ 1, and then follow Steps 1 and 2 above.
3. Transcendence property of FD
The transcendental properties of the logarithmic series
log (1− x) =
∞−
n=1
xn
n
, for x algebraic and 0 < |x| < 1,
and their linear combinations arewell-known. The finite sum representation of the Lauricella function FD enables us to prove
the transcendence property of the function values.
The transcendence of the values of FD (a, b1, b2, . . . , bn; c; x1, x2, . . . , xn) for c = a + 1, b1 = · · · = bn = 1, and
distinct algebraic numbers 0 < x1, . . . , xn < 1, is proved in Section 3.2 in [3], by using Baker’s famous theorem on linear
forms in logarithms of algebraic numbers [4, Theorem 2.2]. The samemethod can be used here together with the finite sum
representations of the Lauricella function FD to derive the following transcendental result:
Theorem 7. For positive integers a, b1, . . . , bn, c with c ≥ a + 1, and for real algebraic numbers x1, . . . , xn with 0 <
x1, . . . , xn < 1, the value of the Lauricella function
FD (a, b1, . . . , bn; c; x1, . . . , xn) =
∞−
i1,...,in=0
(a)i1+···+in (b1)i1 · · · (bn)in
(c)i1+···+in i1! · · · in!
xi11 · · · xinn
is transcendental.
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